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Abstract
This paper is a next step in the project of systematic description of colored knot polynomials started in [1]. In
this paper, we managed to explicitly find the inclusive Racah matrices, i.e. the whole set of mixing matrices in
channels R⊗3 −→ Q with all possible Q, for R = [3, 3]. The case R = [3, 3] is a multiplicity free case as well as
R = [2, 2] obtained in [21]. The calculation is made possible by the use of highest weight method with the help of
Gelfand-Tseitlin tables. The result allows one to evaluate and investigate [3, 3]-colored polynomials for arbitrary
3-strand knots, and this confirms many previous conjectures on various factorizations, universality, and differential
expansions. With the help of a method developed in [22] we manage to calculate exclusive Racah matrices S and S¯
in R = [3, 3]. Our results confirm a calculation of these matrices in [2], which was based on the conjecture of explicit
form of differential expansion for twist knots. Explicit answers for Racah matrices and [3, 3]-colored polynomials
for 3-strand knots up to 10 crossings are available at [26].
1 Introduction
One of the central approaches in modern knot theory is the study of quantum invariants of knots and links. This ap-
proach originated in late 1980’s from two complementary perspectives: first, Wilson loop observables in Chern-Simons
quantum field theory [6]; second, intertwiners in representation theory of quantum groups [11]. Both approaches
turned out to provide the same answer, associating to a knot K a polynomial
K 7→ H(K)R
(
q, a
)
in two variables (q, a), called colored HOMFLY-PT knot polynomial. Among other things, this polynomial depends
on a choice of color, i.e. a finite-dimensional representation R of SU(N) (it is possible to consider other Lie groups,
but we focus our attention on the unitary case) where a = qN . If K is a link, then the HOMFLY-PT polynomial
depends on several colors, associated to each connected component of the link.
The color dependence of knot or link polynomials turned out to be quite intricate. For simplest knots and links this
dependence can be entirely tamed – a celebrated example is the case of the double Hopf link, which consists of 3 linked
unknots and gives rise to the topological vertex CR1,R2,R3 [3] one of the main technical tools of topological string theory
on toric Calabi-Yau 3-folds. However, as soon as the knot or link becomes topologically non-trivial, complexity of the
answer increases significantly. One may argue that such colored knot polynomials provide a topologically non-trivial
generalization of WZW and Liouville conformal blocks [4] and their color dependence should therefore be carefully
studied. While only at its beginning, this study already revealed several interesting structures, such as traces of hidden
integrability [28] and the eigenvalue conjecture [23]. As the available data continues to grow, one may expect many
more structures to come to light.
While both the Chern-Simons path integral and quantum group representation theory allow in principle to compute
any desired colored knot polynomial, in practice representations as small as [2, 1] or [3, 1] have been out of reach until
very recently. Inevitably, regardless of the approach one takes, one ends up with the necessity to deal with the so-called
q-6j symbols, also known as quantum Racah-Wigner matrices
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UR4R1,R2,R3 :
{
(R1 ⊗R2)⊗R3 −→ R4
}
−→
{
R1 ⊗ (R2 ⊗R3) −→ R4
}
(1)
or, graphically,
The l.h.s. and r.h.s. represent two different bases in the space of intertwiners (invariant tensors of the quantum group)
R1 ⊗R2 ⊗R3 −→ R4. Each basis is a collection of finitely many vectors, labeled by the choice of color in the internal
channel (X and Y in the picture above) and the choice of intertwiner in each of the four trivalent vertices (white
circles in the picture above). Racah matrix represents the change of basis from l.h.s. to r.h.s.
Depending on which problem in knot theory one addresses, one may need different types of Racah matrices. While
in the original Reshetikhin-Turaev formalism one required all of them, some simplifications can be achieved by using
its modern modifications [7, 10, 9]. In the course of this project we are particularly interested in the following two
classes of Racah matrices,
inclusive : UQ with R1 = R2 = R3 = R, R4 = Q ∈ R⊗3 (2)
and
exclusive : S with R1 = R2 = R4 = R, R3 = R¯
S¯ with R1 = R3 = R4 = R, R2 = R¯ (3)
These two classes of Racah matrices allow to compute the HOMFLY-PT polynomials for two large classes of knots.
The inclusive (the term refers to arbitrariness of the final representation Q ∈ R⊗3) matrices UQ allow to compute the
R-colored HOMFLY polynomials for arbitrary 3-strand braids L = (m1, n1|m2, n2| . . .) via [8],
H
(m1,n1|m2,n2|...)
R (A, q) =
∑
Q∈R⊗3
dQ
dR
· TrQ
(
Rm1Q UQRn1Q UQ†Rm2Q UQRn2Q UQ† . . .
)
(4)
where dR is the quantum dimension of representation R for the Lie algebra slN , expressed through the variable A = q
N ,
and RQ is a diagonal matrix with the entries
λY = Y q
κY , Y ∈ R⊗2 (5)
where κY =
∑
(i,j)∈Y (i − j) is the value of Casimir operator in the representation Y , while Y = ±1 depending on
whether Y belongs to the symmetric or antisymmetric square of R. For other simple Lie algebras similar formulas
exist, see [13] for a short survey.
The exclusive matrices S and S¯, where only R is picked up in the ”final state” of the product R ⊗ R ⊗ R¯, define
[14, 15] the building blocks (”fingers”) which allow to compute the R-colored HOMFLY for arbitrary arborescent
(double-fat) knots [5, 16] K = {F I,kI}:
H
{FI}
R =
∑
XI∈R⊗R or R⊗R¯
∏
I,J
PXI ,XJ
∏
kI
F
{I,kI}
XI
(6)
2
where the propagators PX′X′′ connecting the vertices I are just the matrices SX¯′X′′ or S¯X¯′X¯′′ (bars refer to the
antiparallel rather than parallel double lines, the two parallel vertices never being connected), while the fingers attached
to the vertices are arbitrary matrix elements of the type
FX =
(
. . . SR¯l3SRl2S†R¯l1 S¯
)
∅X
(7)
Despite limited, these two classes of knots are quite rich and already quite informative: in particular, the second class
contains non-trivial pairs of mutants. Computation of inclusive and exclusive Racah matrices can shed much light on
the properties of these two classes of knots.
This paper represents yet another small step in this direction: we compute the inclusive and exclusive Racah
matrices for R = [3, 3] using the highest weight method of [8]. Starting from 6 boxes, the method of [8] becomes
increasingly complex; we cure this problem by passing from the earlier used tensor product bases to the Gelfand-Tsetlin
basis [12] for representations of quantum groups. This basis is distinguished from many perspectives – practically, all
computations become significantly faster – and in our opinion deserves a separate publication to discuss. In this paper
we do not expand on this topic, instead concentrating on results and applications in the particular case of R = [3, 3],
which is an important special case and closes a number of open questions.
2 Results for Racah matrices
The best way to calculate inclusive quantum 6-j symbols is the highest weight method of [8]. With the help of this
method iclusive Racah matrices were calculated for symmetric (and antisymmetric) representations R = [r] (and
R = [1r]) up to level 5 in [23], for R = [2, 1] in [19], for R = [3, 1] in [20] and for R = [2, 2] in [21]. The method
is straightforward but very tedious, especially for such representations R which have multiplicities R = [2, 1] and
R = [3, 1].
Exclusive quantum Racah matrices S and S¯ are known for symmetric (and antisymmetric) representations R = [r]
(and R = [1r]) [17, 18]. Their general form was guessed after considering explicit formulas for several low levels.
Actually, they look like a straightforward quantization and extension of the classical formulas cited in [24]. The only
available at the moment non-rectangular diagram R = [2, 1] was calculated in [25] by solving pentagon relations and
additional specific symmetries of the representation R = [2, 1]. The last available case R = [2, 2] (non-symmetric,
but rectangular i.e. without multiplicities) was calculated in [22] with the help of a trick described in Section 3.
The problem of exclusive Racah matrices is that there is no good calculating method, all results were obtained by
different methods, which actually are not working smoothly in other cases. The problem of the highest weight method
is because conjugate representations depend on N and thus the Racah matrices depend on N , hence, one needs to
calculate matrices for various N and reconstruct dependence on N from a collection of the answers. A complexity of
calculations grows very fast while N increases.
2.1 Specification to the case of R = [3, 3]
This case is relatively simple, because it does not contain multiplicities, the number of matrices not so big and their
sizes are rather small, still this is a new piece of knowledge.
Decomposition of the square
[3, 3]⊗ [3, 3] = [6, 6]⊕ [6, 5, 1]⊕ [6, 4, 2]⊕ [6, 3, 3]⊕ [5, 5, 1, 1]⊕ [5, 4, 2, 1]⊕ [5, 3, 3, 1]⊕ [4, 4, 2, 2]⊕ [4, 3, 3, 2]⊕ [3, 3, 3, 3] (8)
contains ten irreducible representations.
The maximal size of the Racah mixing matrices will be 12 × 12. All representations come with no multiplicities,
but not all R-matrix are different in contrast to [2, 2] case. For example, R-matrices of [8, 5, 2, 2, 1] and [8, 4, 4, 1, 1]
are difened by same intermediate diagrams [6, 4, 2] and [5, 4, 2, 1]. Another fact is that all eigenvalues of R-matrices
are different (there are no accidental coincidences, which are often encountered for non-rectangular representations
R). These facts give a chance that the mixing matrices can be defined from eigenvalue hypothesis [23], which provides
explicit expressions for the entries of Racah matrices through eigenvalues of the R-matrices (they are given in [23] for
sizes up to 5 and size 6 was later described in [13]).
3
Representation content of the cube is
[3, 3]⊗
(
[3, 3]⊗ [3, 3]
)
= [9, 9] + [6, 6, 6] + 2[7, 6, 5] + [7, 7, 4] + [8, 5, 5] + 3[8, 6, 4] + 2[8, 7, 3] + [8, 8, 2] + 2[9, 5, 4] + 4[9, 6, 3] +
+ 3[9, 7, 2] + 2[9, 8, 1] + 3[5, 5, 4, 4] + [5, 5, 5, 3] + [6, 4, 4, 4] + 8[6, 5, 4, 3] + 3[6, 5, 5, 2] + 10[6, 6, 3, 3] +
+ 6[6, 6, 4, 2] + 3[6, 6, 5, 1] + 3[7, 4, 4, 3] + 6[7, 5, 3, 3] + 9[7, 5, 4, 2] + 3[7, 5, 5, 1] + 12[7, 6, 3, 2] +
+ 6[7, 6, 4, 1] + 6[7, 7, 2, 2] + 3[7, 7, 3, 1] + 3[8, 4, 3, 3] + 3[8, 4, 4, 2] + 6[8, 5, 3, 2] + 6[8, 5, 4, 1] +
+ 3[8, 6, 2, 2] + 9[8, 6, 3, 1] + 6[8, 7, 2, 1] + 3[8, 8, 1, 1] + [9, 3, 3, 3] + 2[9, 4, 3, 2] + [9, 4, 4, 1] +
+ [9, 5, 2, 2] + 3[9, 5, 3, 1] + 2[9, 6, 2, 1] + [9, 7, 1, 1] + 2[5, 4, 3, 3, 3] + 4[5, 4, 4, 3, 2] + 2[5, 4, 4, 4, 1] +
+ 3[5, 5, 3, 3, 2] + 3[5, 5, 4, 2, 2] + 6[5, 5, 4, 3, 1] + 2[5, 5, 5, 2, 1] + 4[6, 3, 3, 3, 3] + 9[6, 4, 3, 3, 2] +
+ 5[6, 4, 4, 2, 2] + 6[6, 4, 4, 3, 1] + 6[6, 5, 3, 2, 2] + 12[6, 5, 3, 3, 1] + 10[6, 5, 4, 2, 1] + 3[6, 5, 5, 1, 1] +
+ [6, 6, 2, 2, 2] + 8[6, 6, 3, 2, 1] + 3[6, 6, 4, 1, 1] + 3[7, 3, 3, 3, 2] + 6[7, 4, 3, 2, 2] + 6[7, 4, 3, 3, 1] +
+ 6[7, 4, 4, 2, 1] + 3[7, 5, 2, 2, 2] + 12[7, 5, 3, 2, 1] + 6[7, 5, 4, 1, 1] + 6[7, 6, 2, 2, 1] + 6[7, 6, 3, 1, 1] +
+ 3[7, 7, 2, 1, 1] + 2[8, 3, 3, 3, 1] + 4[8, 4, 3, 2, 1] + 2[8, 4, 4, 1, 1] + 2[8, 5, 2, 2, 1] + 6[8, 5, 3, 1, 1] +
+ 4[8, 6, 2, 1, 1] + 2[8, 7, 1, 1, 1] + [3, 3, 3, 3, 3, 3] + 2[4, 3, 3, 3, 3, 2] + 3[4, 4, 3, 3, 2, 2] + [4, 4, 3, 3, 3, 1] +
+ [4, 4, 4, 2, 2, 2] + 2[4, 4, 4, 3, 2, 1] + [4, 4, 4, 4, 1, 1] + [5, 3, 3, 3, 2, 2] + 3[5, 3, 3, 3, 3, 1] + 2[5, 4, 3, 2, 2, 2] +
+ 6[5, 4, 3, 3, 2, 1] + 3[5, 4, 4, 2, 2, 1] + 3[5, 4, 4, 3, 1, 1] + [5, 5, 2, 2, 2, 2] + 3[5, 5, 3, 2, 2, 1] + 6[5, 5, 3, 3, 1, 1] +
+ 3[5, 5, 4, 2, 1, 1] + [5, 5, 5, 1, 1, 1] + 2[6, 3, 3, 3, 2, 1] + 4[6, 4, 3, 2, 2, 1] + 3[6, 4, 3, 3, 1, 1] + 3[6, 4, 4, 2, 1, 1] +
+ 2[6, 5, 2, 2, 2, 1] + 6[6, 5, 3, 2, 1, 1] + 2[6, 5, 4, 1, 1, 1] + 3[6, 6, 2, 2, 1, 1] + [6, 6, 3, 1, 1, 1] + [7, 3, 3, 3, 1, 1] +
+ 2[7, 4, 3, 2, 1, 1] + [7, 4, 4, 1, 1, 1] + [7, 5, 2, 2, 1, 1] + 3[7, 5, 3, 1, 1, 1] + 2[7, 6, 2, 1, 1, 1] + [7, 7, 1, 1, 1, 1]
and the inclusive Racah matrices form the collection
number of
matrix size Q
matrices
1 [9, 9], [9, 7, 1, 1], [9, 5, 2, 2], [9, 4, 4, 1], [9, 3, 3, 3], [8, 8, 2], [8, 5, 5], [7, 7, 4], [7, 7, 1, 1, 1, 1], [7, 5, 2, 2, 1, 1], [7,
4, 4, 1, 1, 1], [7, 3, 3, 3, 1, 1], [6, 6, 6], [6, 4, 4, 4], [6, 6, 2, 2, 2], [6, 6, 3, 1, 1, 1], [5, 5, 5, 3], [5, 5, 5, 1, 1, 1], [5, 5,
2, 2, 2, 2], [5, 3, 3, 3, 2, 2], [4, 4, 4, 4, 1, 1], [4, 4, 4, 2, 2, 2], [4, 4, 3, 3, 3, 1], [3, 3, 3, 3, 3, 3]
24
2 [9, 8, 1], [9, 5, 4], [9, 6, 2, 1], [9, 4, 3, 2], [8, 7, 3], [8, 7, 1, 1, 1], [8, 5, 2, 2, 1], [8, 4, 4, 1, 1], [8, 3, 3, 3, 1], [7, 6, 5],
[7, 6, 2, 1, 1, 1], [7, 4, 3, 2, 1, 1], [6, 5, 4, 1, 1, 1], [6, 5, 2, 2, 2, 1], [6, 3, 3, 3, 2, 1], [5, 5, 5, 2, 1], [5, 4, 4, 4, 1], [5,
4, 3, 3, 3], [5, 4, 3, 2, 2, 2], [4, 4, 4, 3, 2, 1], [4, 3, 3, 3, 3, 2]
21
3 [9, 7, 2], [9, 5, 3, 1], [8, 6, 4], [8, 8, 1, 1], [8, 6, 2, 2], [8, 4, 4, 2], [8, 4, 3, 3], [7, 7, 3, 1], [7, 5, 5, 1], [7, 4, 4, 3], [7, 7,
2, 1, 1], [7, 5, 2, 2, 2], [7, 3, 3, 3, 2], [7, 5, 3, 1, 1, 1], [6, 6, 5, 1], [6, 5, 5, 2], [6, 6, 4, 1, 1], [6, 5, 5, 1, 1], [6, 6, 2, 2,
1, 1], [6, 4, 4, 2, 1, 1], [6, 4, 3, 3, 1, 1], [5, 5, 4, 4], [5, 5, 4, 2, 2], [5, 5, 3, 3, 2], [5, 5, 4, 2, 1, 1], [5, 5, 3, 2, 2, 1], [5,
4, 4, 3, 1, 1], [5, 4, 4, 2, 2, 1], [5, 3, 3, 3, 3, 1], [4, 4, 3, 3, 2, 2]
30
4 [9, 6, 3], [8, 6, 2, 1, 1], [8, 4, 3, 2, 1], [6, 3, 3, 3, 3], [6, 4, 3, 2, 2, 1], [5, 4, 4, 3, 2] 6
5 [6, 4, 4, 2, 2] 1
6 [8, 7, 2, 1], [8, 5, 4, 1], [8, 5, 3, 2], [8, 5, 3, 1, 1], [7, 7, 2, 2], [7, 6, 4, 1], [7, 5, 3, 3], [7, 6, 3, 1, 1], [7, 6, 2, 2, 1], [7,
5, 4, 1, 1], [7, 4, 4, 2, 1], [7, 4, 3, 3, 1], [7, 4, 3, 2, 2], [6, 6, 4, 2], [6, 5, 3, 2, 2], [6, 4, 4, 3, 1], [6, 5, 3, 2, 1, 1], [5, 5,
4, 3, 1], [5, 5, 3, 3, 1, 1], [5, 4, 3, 3, 2, 1]
20
7 – 0
8 [6, 5, 4, 3], [6, 6, 3, 2, 1] 2
9 [8, 6, 3, 1], [7, 5, 4, 2], [6, 4, 3, 3, 2] 3
10 [6, 6, 3, 3], [6, 5, 4, 2, 1] 2
11 – 0
12 [7, 6, 3, 2], [7, 5, 3, 2, 1], [6, 5, 3, 3, 1] 3
All matrices were calculated with the help of the highest weight method using Gelfand-Tseitlin basis. Results are
available online at [26]. All matrices of size up to four are nicely handled by the eigenvalue hypothesis, but we checked
them by the direct calculations. Here we list one Racah matrix for Q = [7, 6, 3, 2] as an illustration (factors uji are
listed explicitly in Appendix A below).
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[3]2[2]
[7][6]2[5]
u11
√√√√ [10][4]!
[7][6][5]
u21
[9][3][2]
[6]2
√
[5]
u31
√√√√√ [10][4][3]3
[7][5]
u41
[9][3]
√
[3]
[6][5]
u51
[3]√
[7][6]
u61
√
[10][4]
[4]![3]!
[7]!
u71
√
[10][9][3]!
[5][3]
[6]2
u81
√√√√ [10]
[6]!
[8][3]2[2]2
[6]
u91
√√√√√√ [10][3]3
[6]3[5]
u101
√√√√√ [10][9][8][4]
[7][5]2[3][2]
[3]2
[6]2
u111
√√√√ [10][9][8]
[7][6][5][4]
[3]
[6]
u121
√√√√ [10][4]
[7][5]
[4][3]2
[6]2[2]
u12
√√√√ [2]
[6][3]
1
[8][5]
u22
√
[10][7][4]
[3]
[6]2
u32
1
[8][5]
√
[3]
u42
√√√√√ [10][7][4][3]
[6]2[5][2]2
u52
√√√√ [10][4]
[5]
[4]
[8][6][2]
u62
√√√√ 1
[7][5]
[3][2]
[8][6]
u72
√√√√√ [9][7][4]!
[8]2[5]
[4][3]
[6]2
u82
√√√√ [7][3][2]
[6]
[2]
[8][6]
u92
√√√√√√ [7][4]5[3]
[8]2[6]3
[3]
[5][2]
u102
√√√√√ [9][2]3
[8][5][3]
[3]2
[6]2
u112
√√√√ [9]
[8][6]
[3][2]
[6][5]
u122
√√√√√√ [3]3[2]
[6]3[5]
u13
√√√√ [10][7]
[4]
[5]
[6][3]
u23
√√√√√ [2]
[6]3[3]
u33
√√√√√ [10][7]
[6][4][3]2[2]
u43
√√√√ 1
[6][5][3]2[2]
u53
√√√√√√ [7]3[5]
[6][3]3[2]
u63
√√√√ [10]
[6]!
u73
√√√√√ [10]3[9]
[6][5]
[7][3]
[6][2]
u83
√√√√ [10]
[4]
1
[6][3]
u93
√√√√ [10]
[2]
[7]
[3][2]
u103
√√√√ [10][9][8][7]
[6][5][4]
[3]
[6]
u113 0
√√√√ [10][4]
[7][5]
[3]2
[6][2]
u14
√√√√ [3][2]
[6]
[2]2
[8][5]
u24
√√√√√ [10][7][4]
[2]2
[3]
[6]
u34
[2]2
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[3]
u44
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u94
√√√√ [4][3]
[7][6]
[4]
[8][5][2]
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3 Exclusive matrices from inclusive ones
In the paper [22] it was described a method for multiplicity free cases only how to calculate exclusive quantum Racah
matrices S and S¯ if inclusive matrices are known. Since R = [3, 3] is exactly the case, then we can directly apply that
method to our matrices.
The idea is based on the fact that there is a two-parametric family, which is simultaneously 3-strand braid (m,−1|±
n,−1) and pretzel Pr(m,n,±2¯). From one hand, for this 3-strand braid family formula (4) reduces to
H
(m,−1|±n,−1)
R =
∑
Y,Z∈R⊗2
hY Z · λmY λnZ (9)
which is the usual evolution formula and where λY is the eigenvalue (5). From another hand, for this pretzel family
formula (6) simplifies to:
H
Pr(m,n,±2)
R = dR
∑
X¯∈R⊗R¯
(STmS†)∅X¯(STnS†)∅X¯(S¯T¯±2S¯)∅X¯
S∅X¯
= d−1R
∑
X¯∈R⊗R¯
Y,Z∈R⊗R
√
dY dZKX¯SX¯Y SX¯Z · λmY λnZ (10)
where the square S2∅Y = dY /d
2
R and KX¯ = dRd
−1/2
X (S¯T¯
±2S¯)∅X¯ . The pretzel formula (10) should be compared with
the answer (9). It gives: ∑
X
KX¯SX¯Y SX¯Z =
dR√
dY dZ
· hY Z = hY Z (11)
i.e. FX¯ are the eigenvalues of the matrix h at the r.h.s., while our needed SX¯Y is the orthogonal diagonalizing matrix
(made from the normalized eigenvectors). It provides the explicit way to calculate S. Then we can extract S¯ just
from the known S using relation (63) from [14]:
S¯ = T¯−1ST−1S†T¯−1 (12)
Our calculations of matrices S and S¯ confirms formulas obtained by A.Morozov in the paper [2].
4 Examples of [3, 3]-colored HOMFLY for knots, which are 3-strand but
not arborescent
Using the manifest expressions for the inclusive Racah matrices, one can evaluate the HOMFLY polynomials of all
3-strand knots in representation [3, 3]. The results for arborescent knots are in [26] due to results of [2], for different
3-strand knots can be found in [26], here, as an illustration, we write down the answers for two knots 10100 (in a table
style) and 10161 (in a polynomial style) that are 3-strand and can not be presented by arborescent diagrams:
Figure 1: Knots 10100 and 10161 from the Katlas [27]
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Knot 10100 :
q\A A12 A14 A16 A18 A20 A22 A24 A26 A28 A30 A32 A34 A36
−108 0 0 0 0 0 −1 1 0 0 0 0 0 0
−106 0 0 0 0 2 0 −2 0 0 0 0 0 0
−104 0 0 0 −1 −1 5 −2 −1 0 0 0 0 0
−102 0 0 0 −2 −7 3 6 0 0 0 0 0 0
−100 0 0 2 6 −8 −13 8 5 0 0 0 0 0
−98 0 0 −1 14 18 −26 −10 3 2 0 0 0 0
−96 0 −1 −7 −6 50 18 −38 −14 −1 0 0 0 0
−94 0 0 −10 −50 −4 90 7 −26 −7 0 0 0 0
−92 0 5 14 −52 −128 37 108 20 −7 −1 0 0 0
−90 1 6 55 81 −150 −183 71 94 19 −2 0 0 0
−88 −2 −9 24 224 153 −292 −184 34 48 6 0 0 0
−86 −3 −35 −102 77 526 130 −365 −195 −11 13 0 0 0
−84 3 −15 −207 −410 245 775 88 −295 −132 −8 2 0 0
−82 11 71 −5 −684 −797 530 878 154 −133 −49 −1 0 0
−80 8 123 453 61 −1441 −1015 696 805 184 −40 −7 0 0
−78 −26 −10 548 1408 −5 −2192 −1030 500 522 95 −8 0 0
−76 −37 −282 −219 1519 2732 −367 −2494 −1105 155 209 16 −1 0
−74 8 −299 −1345 −850 3054 3654 −542 −2205 −901 12 50 0 0
−72 82 186 −1101 −3743 −1389 4565 4052 −179 −1361 −457 6 5 0
−70 82 755 1104 −2702 −6887 −1524 5248 3893 324 −582 −115 5 0
−68 −75 516 3115 3173 −5065 −9570 −1498 4422 2966 313 −169 −11 0
−66 −198 −717 1689 7889 5707 −7632 −10646 −2159 2637 1519 82 −32 1
−64 −103 −1590 −3181 3581 14265 7248 −8482 −10017 −2379 1118 486 −2 −2
−62 216 −595 −5921 −8349 6613 19672 8333 −6909 −7305 −1588 375 83 −3
−60 386 1786 −1594 −14201 −14562 9523 22263 8938 −3721 −3891 −531 98 4
−58 44 2714 6999 −3033 −24753 −19828 10562 20355 8097 −1465 −1396 −78 11
−56 −470 209 9581 16991 −5053 −34559 −22683 7431 14738 5015 −536 −314 4
−54 −560 −3517 74 21684 29662 −7720 −38581 −23416 3103 7958 1953 −180 −32
−52 119 −3818 −12632 −952 37605 40340 −7184 −35296 −19569 518 3114 421 −33
−50 846 885 −12847 −29533 −1485 51537 47263 −2882 −25030 −12198 155 809 33
−48 620 5721 3648 −28625 −50191 −2206 58300 47015 2458 −13816 −5108 123 100
−46 −423 4344 19688 8994 −48381 −69694 −4661 51984 38762 3530 −5689 −1322 50
−44 −1206 −2842 14436 43985 15508 −67257 −80760 −11413 36961 24129 1865 −1618 −158
−42 −540 −7881 −9599 31546 74801 20877 −74691 −80645 −15445 20216 10728 434 −232
−40 895 −3901 −26156 −21813 53953 102763 28769 −66749 −65105 −13111 8668 3062 18
−38 1390 5416 −13036 −57593 −35632 74203 121056 36206 −45855 −41325 −6650 2562 415
−36 273 9188 17389 −28989 −96403 −49911 83363 118882 38455 −25066 −19014 −1998 417
−34 −1364 2226 30038 37032 −49719 −134233 −62360 71918 96887 29022 −10510 −5805 −269
−32 −1360 −7953 8304 65359 60633 −70254 −157152 −72805 48566 61497 15141 −3146 −864
−30 235 −9091 −24680 19432 109898 82886 −77057 −156109 −69312 24660 29375 4918 −513
−28 1595 470 −29687 −51387 35954 152984 103522 −65824 −125924 −51700 9810 9251 755
−26 1096 9529 −557 −64745 −82739 51642 181807 113317 −40054 −81468 −27120 2678 1485
−24 −806 7318 28957 −4749 −109410 −113888 57585 179495 106291 −18074 −39162 −9319 389
−22 −1564 −3388 24549 59685 −13547 −154685 −139416 44103 147012 77070 −5118 −12653 −1524
−20 −518 −9488 −7924 54599 95416 −23486 −184505 −152084 22693 94460 41669 −760 −2065
−18 1120 −4106 −28689 −11136 94217 131413 −24850 −185841 −138071 3300 46102 14571 0
−16 1304 5565 −15353 −58410 −10881 136018 161669 −14432 −150912 −101625 −3164 14841 2541
−14 −210 7643 13896 −36333 −93932 −7537 166506 173457 4960 −98743 −54777 −2826 2386
−12 −1155 453 23236 23271 −67070 −129533 −9218 168327 159792 14943 −47242 −19656 −678
−10 −703 −6175 4284 47863 28004 −100771 −160159 −19838 140854 115826 14945 −15138 −3501
−8 656 −4281 −15829 15413 76543 30778 −128190 −175659 −30233 89705 63823 7299 −2346
−6 1010 2616 −13883 −26391 33341 108183 34482 −135742 −159730 −35565 43198 22841 1645
−4 −89 5044 4481 −28739 −34245 58881 136953 40980 −112069 −119525 −25672 13002 4054
−2 −798 528 12883 3071 −48444 −37070 81730 151678 50800 −73594 −64698 −11892 1969
0 −530 −4079 2502 21733 −6282 −69554 −40804 90488 145516 46586 −32563 −23509 −2585
2 566 −2467 −9113 7462 26006 −21322 −93713 −48982 81011 106510 33550 −9274 −4071
4 784 2603 −6351 −12281 13561 28028 −40297 −113646 −51360 48833 59834 14483 −1135
6 −171 3703 6358 −8896 −10447 25571 30479 −55407 −109351 −51045 21122 21015 3074
8 −713 −550 8772 10760 −8525 58 43864 33924 −47752 −86938 −33327 4392 3714
10 −425 −4099 −2361 13285 13501 −4248 17228 61290 44883 −32217 −46545 −14951 150
12 585 −1826 −10674 −6503 12539 11602 −2257 28325 73474 39809 −9951 −16684 −2969
14 714 3061 −4415 −19530 −15116 4600 615 −11823 34545 55952 29844 −1168 −2789
16 −174 3743 9198 −5696 −28126 −25472 −8060 −24086 −17189 17410 32686 12468 459
18 −691 −673 10272 19086 −3040 −32224 −28222 −26231 −33097 −26867 6400 10671 2646
20 −402 −4220 −2412 19326 33379 4937 −21082 −25836 −22612 −35731 −18175 −780 1615
22 539 −2044 −11957 −6355 28929 46817 21311 −6737 −4284 −18428 −18017 −8745 −505
24 671 2780 −5916 −24534 −13140 32229 57240 27327 17957 1929 −3695 −6427 −1794
26 −101 3785 8315 −11617 −39692 −26295 29715 43424 34831 15514 7678 70 −756
28 −630 −216 11075 16417 −16644 −57260 −35891 6363 32826 18062 11867 3350 500
30 −401 −3801 −343 22087 28823 −20948 −60265 −50758 −2047 9304 9243 3052 696
32 413 −2287 −10760 −721 36871 40349 −10946 −60175 −39022 −13665 4084 1358 467
34 597 2048 −6920 −21811 −28 47825 57941 −5391 −33543 −31867 −6006 53 −35
36 −3 3471 5874 −14595 −34021 −4872 59041 54899 14229 −22051 −13059 −2458 131
38 −499 357 10251 10617 −22783 −50711 −5981 45286 55984 10085 −6702 −4556 −191
40 −364 −2943 1556 20244 17701 −33913 −56173 −21890 38439 32921 8980 −2584 −681
42 255 −2246 −8329 3488 33465 21604 −32364 −65849 −18289 16322 19260 2595 −343
44 458 1160 −6951 −16618 7588 42853 33659 −35586 −48289 −22020 9018 5979 379
46 53 2726 3073 −14724 −24829 7432 56145 30252 −17584 −37940 −10872 2281 1169
48 −327 716 8163 5013 −22772 −36407 12830 49020 36918 −13287 −17634 −4663 469
50 −270 −1865 2740 16264 8402 −33487 −37957 3475 47668 23594 −3474 −6705 −832
52 123 −1791 −5209 6194 26757 8597 −33790 −46073 6466 27988 15744 −1270 −1103
54 287 432 −5746 −10242 11545 33469 15285 −39578 −34322 −2204 16162 5522 −182
56 58 1731 756 −12424 −15152 13055 43053 9814 −26981 −28924 −960 5193 1135
58 −170 701 5212 348 −19562 −22693 18633 37090 14912 −21332 −14609 −1251 950
60 −155 −920 2697 10469 654 −28265 −22435 13037 36280 8524 −9256 −5829 −303
62 46 −1096 −2408 6333 17500 −716 −28576 −26671 15067 22458 7000 −3283 −1032
64 139 59 −3625 −4419 11576 22146 3017 −31896 −18285 6856 13183 2710 −519
66 30 840 −322 −8030 −6241 14033 28205 −978 −22715 −15570 3766 4488 634
68 −70 420 2519 −1700 −13011 −10155 18017 23603 2405 −17387 −8032 680 828
70 −59 −346 1711 4995 −2986 −18998 −9792 14201 21925 337 −8049 −3365 27
72 19 −472 −760 4205 8507 −4935 −19561 −11898 13993 13336 1677 −2810 −635
74 47 −12 −1636 −1110 7847 11035 −3330 −20712 −7211 7602 7702 855 −441
76 2 291 −369 −3761 −1211 10034 14325 −5106 −14623 −6239 3856 2667 260
78 −21 139 870 −1464 −6310 −2606 12422 11748 −2639 −10454 −3311 934 494
80 −9 −101 683 1675 −2691 −9502 −2319 10248 10294 −2260 −4797 −1481 87
82 7 −122 −153 1842 2966 −4141 −10036 −3282 9065 6030 −305 −1601 −295
84 7 3 −484 −49 3627 4018 −3691 −10225 −1436 4995 3404 116 −239
86 −3 61 −140 −1215 219 4884 5433 −4248 −7009 −1504 2300 1173 84
88 −2 18 199 −635 −2187 −133 5992 4315 −2771 −4631 −923 546 214
90 1 −18 158 375 −1240 −3502 −2 5024 3509 −1838 −2030 −488 43
92 0 −13 −17 525 735 −1910 −3811 −332 4085 1927 −468 −619 −106
94 0 2 −85 57 1141 1119 −1830 −3732 203 2150 1071 −17 −79
96 0 5 −25 −265 193 1643 1622 −1939 −2413 −71 863 359 29
98 0 0 28 −158 −542 102 2016 1220 −1307 −1432 −155 167 61
100 0 −1 18 64 −335 −963 111 1682 866 −758 −565 −120 1
102 0 0 −2 92 149 −522 −1096 45 1255 421 −175 −141 −26
104 0 0 −7 8 231 279 −498 −1011 183 597 227 0 −9
106 0 0 −1 −37 35 363 430 −516 −594 59 187 66 8
108 0 0 2 −17 −94 −4 444 303 −345 −301 −16 21 7
110 0 0 0 10 −43 −188 −27 363 176 −175 −94 −19 −3
112 0 0 0 6 27 −66 −223 −17 244 72 −27 −14 −2
114 0 0 0 −2 22 60 −50 −190 28 99 30 2 1
116 0 0 0 −1 −1 38 94 −62 −98 6 19 5 0
118 0 0 0 0 −7 −13 42 60 −41 −39 −2 0 0
120 0 0 0 0 −1 −17 −22 37 28 −17 −7 −1 0
122 0 0 0 0 2 0 −20 −13 22 10 −1 0 0
124 0 0 0 0 0 5 5 −17 −1 6 2 0 0
126 0 0 0 0 0 0 9 0 −7 −2 0 0 0
128 0 0 0 0 0 −1 −2 5 −1 −1 0 0 0
130 0 0 0 0 0 0 −2 0 2 0 0 0 0
132 0 0 0 0 0 0 1 −1 0 0 0 0 0
(13)
7
Knot 10161: H
10161
[3,3]
=
(
q78−q74−2 q72+3 q68+2 q66+q64−3 q62−2 q60+4 q54+q50−2 q48−4 q46+q44+q42+5 q40−4 q36−3 q34−
2 q32+4 q30+3 q28+q26−2 q24−3 q22+q18+q16
)
A60+
(
−q84−q82+q80+4 q78+5 q76−q74−8 q72−9 q70−q68+10 q66+11 q64+2 q62−
9 q60−13 q58−7 q56+4 q54+12 q52+13 q50+2 q48−13 q46−17 q44−5 q42+17 q40+23 q38+8 q36−14 q34−22 q32−7 q30+13 q28+21 q26+
9 q24−8 q22−14 q20−7 q18+4 q16+7 q14+4 q12−q10−3 q8−2 q6−q4
)
A58+
(
2+5 q−2+2 q−6+3 q−4−39 q44−55 q42−15 q40+33 q38+
57 q36+20 q34−38 q32−61 q30−33 q28+24 q26+49 q24+29 q22−16 q20−38 q18−17 q58−35 q56−20 q54+8 q52+43 q50+37 q48+5 q46−2 q72−
19 q70−21 q68−4 q66+27 q64+32 q62+17 q60−q86−4 q84−8 q82−7 q80+3 q78+11 q76+14 q74+q88−26 q16+4 q14+23 q12+18 q10+5 q8−
7 q4−7 q6−2 q2
)
A56+
(
−16−q−2−q−16−3 q−14−4 q−12−4 q−10+4 q−6+5 q−4−3 q44−77 q42−90 q40−26 q38+72 q36+104 q34+49 q32−
48 q30−96 q28−46 q26+43 q24+97 q22+64 q20−14 q18+13 q58−48 q56−83 q54−61 q52+8 q50+65 q48+65 q46+24 q72−5 q70−38 q68−48 q66−
16 q64+30 q62+47 q60+11 q86+8 q84−2 q82−11 q80−7 q78+10 q76+27 q74+q92+4 q90+8 q88−64 q16−53 q14+q12+37 q10+36 q8−20 q4+
7 q6−25 q2
)
A54+
(
−33−17 q−2−2 q−14−3 q−12+5 q−10+14 q−8+21 q−6+9 q−4+q−22+2 q−20+q−24+q−18+116 q44+13 q42−102 q40−
119 q38−35 q36+83 q34+121 q32+32 q30−90 q28−157 q26−95 q24+23 q22+91 q20+64 q18+101 q58+65 q56−18 q54−72 q52−42 q50+51 q48+
131 q46+29 q72+32 q70−2 q68−35 q66−36 q64+5 q62+77 q60−q86+2 q84−10 q82−24 q80−33 q78−21 q76+10 q74−2 q96−7 q94−12 q92−
13 q90−7 q88−37 q16−101 q14−89 q12−17 q10+48 q8+22 q4+55 q6−23 q2
)
A52+
(
−29−50 q−2−4 q−16−12 q−14−8 q−12+6 q−10+24 q−8+
8 q−6−29 q−4−3 q−22−q−20−3 q−24−q−26+2 q−18+112 q44+102 q42−19 q40−144 q38−126 q36−5 q34+138 q32+173 q30+81 q28−28 q26−
84 q24−18 q22+89 q20+160 q18+14 q58+56 q56+17 q54−85 q52−163 q50−135 q48+2 q46+29 q72+32 q70+21 q68−11 q66−53 q64−71 q62−
48 q60+24 q86+37 q84+37 q82+16 q80−2 q78−5 q76+8 q74+7 q98+13 q96+13 q94+7 q92+q90+7 q88+2 q100+138 q16+36 q14−46 q12−
67 q10+88 q4+72 q6+44 q2
)
A50+
(
64−22 q−2+2 q−16+3 q−14+29 q−12+59 q−10+43 q−8−15 q−6−50 q−4+14 q−22+26 q−20+q−24−
3 q−26+5 q−28+2 q−36+4 q−34+9 q−32+20 q−18+9 q−30+q−40+q−38+98 q44+221 q42+165 q40−148 q36−122 q34+q32+92 q30+91 q28−
18 q26−104 q24−151 q22−117 q20−38 q18−6 q58+79 q56+156 q54+141 q52+9 q50−93 q48−64 q46+q72+14 q70+12 q68+24 q66+25 q64+
9 q62−21 q60−30 q86−7 q84+5 q82−5 q80−32 q78−38 q76−23 q74−9 q98−5 q96+2 q94−4 q92−21 q90−36 q88−q104−5 q102−9 q100+34 q16+
58 q14−10 q12−96 q10−132 q8+50 q4−63 q6+100 q2
)
A48+
(
79+40 q−2−59 q−16−28 q−14+4 q−12−24 q−10−94 q−8−128 q−6−73 q−4−
10 q−22−25 q−20−20 q−24−36 q−26−36 q−28−7 q−36−q−34−4 q−32−4 q−44−3 q−46−q−48−56 q−18−18 q−30−6 q−42−8 q−40−10 q−38−
185 q44+10 q42+137 q40+79 q38−80 q36−193 q34−111 q32+27 q30+118 q28+111 q26+35 q24+3 q22−30 q20−20 q18−90 q58−100 q56−26 q54+
62 q52+35 q50−113 q48−225 q46−5 q72+8 q70−q68−26 q66−22 q64−11 q62−38 q60−17 q86−7 q84+21 q82+29 q80+8 q78−25 q76−30 q74−
5 q98−2 q96+8 q94+19 q92+15 q90−4 q88+2 q106+4 q104+4 q102+17 q16+79 q14+133 q12+74 q10−36 q8−96 q4−128 q6+18 q2
)
A46+
(
20+
126 q−2+50 q−16+84 q−14+48 q−12−30 q−10−63 q−8+5 q−6+111 q−4+34 q−22+6 q−20+43 q−24+23 q−26−2 q−28+22 q−36+29 q−34+
16 q−32+3 q−44+3 q−46+2 q−48+4 q−50+3 q−52+2 q−54+12 q−18−3 q−30+2 q−42+q−40+8 q−38−146 q44−106 q42+68 q40+175 q38+
82 q36−81 q34−193 q32−120 q30−10 q28+25 q26−9 q24−82 q22−89 q20−105 q18+13 q58−33 q56−41 q54+29 q52+113 q50+99 q48−46 q46−
20 q72+18 q70+42 q68+25 q66−9 q64−5 q62+17 q60−4 q86−20 q84−5 q82+29 q80+39 q78+13 q76−25 q74−q98−6 q96−6 q94+5 q92+18 q90+
15 q88−q108−q106+q104+4 q102+4 q100−126 q16−111 q14−52 q12+49 q10+46 q8−140 q4−47 q6−118 q2
)
A44+
(
−68+42 q−2+52 q−16+
25 q−14−48 q−12−71 q−10+112 q−6+139 q−4−14 q−22−14 q−20+12 q−24+18 q−26−2 q−28+19 q−36+8 q−34−15 q−32−4 q−44−q−46+
q−50+3 q−52+2 q−54−q−58−q−60+20 q−18−21 q−30−8 q−42−4 q−40+11 q−38−18 q44−92 q42−49 q40+109 q38+199 q36+121 q34−59 q30+
38 q28+138 q26+151 q24+116 q22+79 q20+110 q18+25 q58+38 q56−5 q54−16 q52+32 q50+107 q48+101 q46−45 q72−32 q70+19 q68+49 q66+
23 q64−14 q62−12 q60+7 q86−14 q84−29 q82−15 q80+19 q78+25 q76−9 q74+3 q98−2 q96−8 q94−8 q92−q90+11 q88−q106−2 q104+3 q100+
105 q16+58 q14+29 q12+71 q10+166 q8+64 q4+173 q6−60 q2
)
A42+
(
−105−99 q−2+12 q−16−40 q−14−66 q−12−24 q−10+55 q−8+74 q−6−
q−4−17 q−22+3 q−20−15 q−24+4 q−26+5 q−28+3 q−36−15 q−34−20 q−32−10 q−44−7 q−46−4 q−48+q−52+2 q−54−2 q−58−2 q−60−
q−62+28 q−18−8 q−30−6 q−42+6 q−40+10 q−38+65 q44−25 q42−79 q40−42 q38+58 q36+106 q34+20 q32−63 q30−94 q28−21 q26+29 q24−
5 q22−37 q20−51 q18−8 q58+21 q56+35 q54−4 q52−23 q50+15 q48+67 q46+5 q72−21 q70−4 q68+37 q66+51 q64+21 q62−20 q60+13 q86+
11 q84+q82−5 q80+10 q78+33 q76+34 q74+3 q98+2 q96−3 q92+5 q88−q104−q102+q100−4 q16−8 q14−69 q12−93 q10−54 q8+61 q4+45 q6−
18 q2
)
A40+
(
−23−68 q−2−28 q−16−44 q−14−28 q−12+11 q−10+25 q−8−9 q−6−59 q−4−5 q−22+6 q−20−15 q−24−13 q−26−3 q−28−
11 q−36−10 q−34−q−32−6 q−46−7 q−48−3 q−50+2 q−52+4 q−54−q−58−2 q−60+2 q−56−q−62−2 q−18+3 q−30+7 q−42+6 q−40−3 q−38−
12 q44−17 q42−63 q40−84 q38−65 q36−9 q34+5 q32−37 q30−67 q28−70 q26−23 q24−9 q22−32 q20−41 q18−47 q58−40 q56−23 q54−22 q52−
45 q50−58 q48−40 q46−13 q72−27 q70−38 q68−29 q66−11 q64−10 q62−28 q60−6 q86−8 q84−10 q82−13 q80−16 q78−15 q76−9 q74+q98−
3 q94−5 q92−4 q90−3 q88−q104−2 q102−q100−32 q16+2 q14−7 q12−47 q10−61 q8+20 q4−32 q6+25 q2
)
A38+
(
26+9 q−2+q−16+4 q−14+
17 q−12+21 q−10+14 q−8+2 q−6−2 q−4+11 q−22+11 q−20+7 q−24+2 q−26+q−36+6 q−34+7 q−32+6 q−44+2 q−46−q−48−2 q−50+2 q−54+
q−58+2 q−56+3 q−18+5 q−30+4 q−42+q−40−3 q−38+q−72+19 q44+23 q42+28 q40+10 q38+11 q36+14 q34+24 q32+34 q30+13 q28+14 q26+
12 q24+19 q22+26 q20+7 q18+12 q58+8 q56+12 q54+17 q52+19 q50+14 q48+9 q46+8 q72+9 q70+8 q68+6 q66+9 q64+13 q62+15 q60+4 q86+
3 q84+q82+5 q80+6 q78+7 q76+5 q74+q98+2 q96+q94+q90+3 q88+q108+15 q16+16 q14+24 q12+21 q10+3 q8+12 q4+3 q6+24 q2
)
A36
5 Conclusion
We managed to calculate inclusive Racah matrices for R = [3, 3] using the highest weight method in Gelfand-Tsetlin
basis. The use of this basis allows to simplify computations significantly and access colored HOMFLY polynomials
with 6 and more boxes. We expect to get several new interesting results soon, in particular, the long-anticipated
non-trivial color [4,2]. All details of the method will be published separately.
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Appendix A: Matrix elements of the Racah matrix [3, 3]⊗3 → [7, 6, 3, 2]
Here we present for illustration purposes the irreducible factors of the 12× 12 Racah matrix [3, 3]⊗3 → [7, 6, 3, 2].
u21 = u
3
1 = −q10
(
q40+2 q38+3 q36+6 q34+8 q32+11 q30+14 q28+17 q26+19 q24+20 q22+21 q20+20 q18+19 q16+17 q14+14 q12+11 q10+8 q8+6 q6+3 q4+2 q2+1
)−1/2
u41 = −u51 = q11
(
q44 + 3 q42 + 7 q40 + 13 q38 + 21 q36 + 32 q34 + 43 q32 + 54 q30 + 66 q28 + 73 q26 + 78 q24 + 81 q22 + 78 q20 + 73 q18 + 66 q16 + 54 q14 + 43 q12 +
32 q10 + 21 q8 + 13 q6 + 7 q4 + 3 q2 + 1
)−1/2
u81 = u
9
1 = −u18 = −u19 = q9
(
q36+4 q34+9 q32+15 q30+23 q28+32 q26+41 q24+48 q22+52 q20+53 q18+52 q16+48 q14+41 q12+32 q10+23 q8+15 q6+9 q4+4 q2+1
)−1/2
u12 = −u13 = −q7
(
q28 + 4 q24 + q22 + 7 q20 + q18 + 9 q16 + q14 + 9 q12 + q10 + 7 q8 + q6 + 4 q4 + 1
)−1/2
u14 = −q6
(
q12 + 3 q10 + 3 q8 + 3 q6 + 3 q4 + 3 q2 + 1
) (
q48 + 6 q46 + 18 q44 + 39 q42 + 72 q40 + 119 q38 + 178 q36 + 241 q34 + 308 q32 + 366 q30 + 413 q28 + 440 q26 +
452 q24 + 440 q22 + 413 q20 + 366 q18 + 308 q16 + 241 q14 + 178 q12 + 119 q10 + 72 q8 + 39 q6 + 18 q4 + 6 q2 + 1
)−1/2
u15 = q
12
(
q12 + 3 q10 + 3 q8 + 3 q6 + 3 q4 + 3 q2 + 1
) (
q48 + 6 q46 + 18 q44 + 39 q42 + 72 q40 + 119 q38 + 178 q36 + 241 q34 + 308 q32 + 366 q30 + 413 q28 + 440 q26 +
452 q24 + 440 q22 + 413 q20 + 366 q18 + 308 q16 + 241 q14 + 178 q12 + 119 q10 + 72 q8 + 39 q6 + 18 q4 + 6 q2 + 1
)−1/2
u22 = 251 + 5q
22 + 13q20 + 48q−16 + 171q−8 + 13q−20 + q24 + 171q8 + 244q−2 + 244q2 + 5q−22 + 75q14 + 105q12 + 28q18 + 138q10 + 48q16 + q−24 + 28q−18 +
75q−14 + 105q−12 + 138q−10 + 202q6 + 202q−6 + 228q4 + 228q−4
u32 = q
10 + q8 + q6 + 2q4 + 2q2 + 2q−2 + 2q−4 + q−6 + q−8 + q−10
u42 = 463 + q
26 + 15q22 + 35q20 + 106q−16 + 323q−8 + 35q−20 + q−26 + 5q24 + 323q8 + 453q−2 + 453q2 + 15q−22 + 155q14 + 209q12 + 65q18 + 266q10 + 106q16 +
5q−24 + 65q−18 + 155q−14 + 209q−12 + 266q−10 + 377q6 + 377q−6 + 422q4 + 422q−4
u52 = −(q12 + 2q10 + 3q8 + 3q6 + 4q4 + 3q2 + 2 + 3q−2 + 4q−4 + 3q−6 + 3q−8 + 2q−10 + q−12)
u62 = q
10 + 2q8 + q6 + 2q4 + q2 + 2 + q−2 + 2q−4 + q−6 + 2q−8 + q−10
u72 = −(q18 + 2q16 + 3q14 + 5q12 + 6q10 + 7q8 + 9q6 + 9q4 + 11q2 + 11 + 11q−2 + 9q−4 + 9q−6 + 7q−8 + 6q−10 + 5q−12 + 3q−14 + 2q−16 + q−18)
u82 = q
18 + q16 + 2q14 + q12 + 3q10 + 2q8 + 3q6 + 2q4 + 4q2 + 3 + 4q−2 + 2q−4 + 3q−6 + 2q−8 + 3q−10 + q−12 + 2q−14 + q−16 + q−18
u92 = 31 + 3q
22 + 5q20 + 11q−16 + 25q−8 + 5q−20 + q24 + 25q8 + 30q−2 + 30q2 + 3q−22 + 14q14 + 18q12 + 8q18 + 21q10 + 11q16 + q−24 + 8q−18 + 14q−14 +
18q−12 + 21q−10 + 28q6 + 28q−6 + 30q4 + 30q−4
u102 = −q12 + q10 + q2 − 1 + q−2 + q−10 − q−12
u112 = −q14 + 2q12 − 3q10 + 5q8 − 5q6 + 8q4 − 7q2 + 9 − 7q−2 + 8q−4 − 5q−6 + 5q−8 − 3q−10 + 2q−12 − q−14
u122 = q
14 + 4q10 + q8 + 7q6 + q4 + 9q2 + 1 + 9q−2 + q−4 + 7q−6 + q−8 + 4q−10 + q−14
u23 = −q8 − q6 − q4 + 1 − q−4 − q−6 − q−8
u33 = 2q
16 + 4q14 + 8q12 + 12q10 + 16q8 + 19q6 + 22q4 + 25q2 + 25 + 25q−2 + 22q−4 + 19q−6 + 16q−8 + 12q−10 + 8q−12 + 4q−14 + 2q−16
u43 = −(q14 + 3q12 + 6q10 + 10q8 + 12q6 + 14q4 + 15q2 + 15 + 15q−2 + 14q−4 + 12q−6 + 10q−8 + 6q−10 + 3q−12 + q−14)
u53 = 2q
18 + 7q16 + 16q14 + 28q12 + 42q10 + 55q8 + 66q6 + 75q4 + 81q2 + 83 + 81q−2 + 75q−4 + 66q−6 + 55q−8 + 42q−10 + 28q−12 + 16q−14 + 7q−16 + 2q−18
u73 = −2q4 − 4q2 − 5 − 4q−2 − 2q−4
u93 = 3q
16 + 11q14 + 25q12 + 42q10 + 59q8 + 74q6 + 88q4 + 99q2 + 103 + 99q−2 + 88q−4 + 74q−6 + 59q−8 + 42q−10 + 25q−12 + 11q−14 + 3q−16
u24 = q
−18(q48 + 2q46 + 5q44 + 6q42 + 14q40 + 10q38 + 24q36 + 15q34 + 34q32 + 20q30 + 43q28 + 23q26 + 47q24 + 23q22 + 43q20 + 20q18 + 34q16 + 15q14 + 24q12 +
10q10 + 14q8 + 6q6 + 5q4 + 2q2 + 1
) (
q12 + 3q10 + 3q8 + 3q6 + 3q4 + 3q2 + 1
)−1
u34 =
(
q28 + 4q26 + 6q24 + 8q22 + 11q20 + 11q18 + 11q16 + 13q14 + 11q12 + 11q10 + 11q8 + 8q6 + 6q4 + 4q2 + 1
)
×
× q−8
(
q12 + 3q10 + 3q8 + 3q6 + 3q4 + 3q2 + 1
)−1
u44 = q
−26(q64 + 4q62 + 8q60 + 16q58 + 18q56 + 19q54 + q52 − 28q50 − 84q48 − 153q46 − 248q44 − 344q42 − 455q40 − 544q38− 628q36 − 673q34 − 695q32 − 673q30 −
628q28 − 544q26 − 455q24 − 344q22 − 248q20 − 153q18 − −84q16 − 28q14 + q12 + 19q10 + 18q8 + 16q6 + 8q4 + 4q2 + 1
) (
q12 + 3q10 + 3q8 + 3q6 + 3q4 + 3q2 + 1
)−1
u54 = q
−16(q44 + 6q42 + 17q40 + 33q38 + 51q36 + 70q34 + 89q32 + 109q30 + 129q28 + 147q26 + 160q24 + 165q22 + 160q20 + 147q18 + 129q16 + 109q14 + 89q12 +
70q10 + 51q8 + 33q6 + 17q4 + 6q2 + 1
)(
q12 + 3q10 + 3q8 + 3q6 + 3q4 + 3q2 + 1
)−1
u64 = q
−6(q24 + q22 + 2q20 + 5q18 + 8q16 + 12q14 + 15q12 + 12q10 + 8q8 + 5q6 + 2q4 + q2 + 1) (q12 + 3q10 + 3q8 + 3q6 + 3q4 + 3q2 + 1)−1
u74 = −q−14
(
q40 + 2q38 + 3q36 + 4q34 + 3q32 + 5q30 + 2q28 + 6q26 + 2q24 + 7q22 + 3q20 + 7q18 + 2q16 + 6q14 + 2q12 + 5q10 + 3q8 + 4q6 + 3q4 + 2q2 + 1
) (
q12 +
3q10 + 3q8 + 3q6 + 3q4 + 3q2 + 1
)−1
u84 = −q−18
(
q48 + 3q46 + 7q44 + 16q42 + 28q40 + 44q38 + 62q36 + 84q34 + 105q32 + 124q30 + 140q28 + 151q26 + 153q24 + 151q22 + 140q20 + 124q18 + 105q16 +
84q14 + 62q12 + 44q10 + 28q8 + 16q6 + 7q4 + 3q2 + 1
) (
q12 + 3q10 + 3q8 + 3q6 + 3q4 + 3q2 + 1
)−1
u94 = q
−18(q48 + 2q46 + 2q44 + 3q42 + q40 + 3q38 + q36 + q34 + 2q32 − q30 − q26 − 3q24 − q22 − q18 + 2q16 + q14 + q12 + 3q10 + q8 + 3q6 + 2q4 + 2q2 + 1) (q12 +
3q10 + 3q8 + 3q6 + 3q4 + 3q2 + 1
)−1
u104 = q
−16(q44 + 2q42 + q40 − 2q36 − 5q34 − 12q32 − 18q30 − 22q28 − 24q26 − 26q24 − 25q22 − 26q20 − 24q18 − 22q16 − 18q14 − 12q12 − 5q10 − 2q8 + q4 + 2q2 +
1
) (
q12 + 3q10 + 3q8 + 3q6 + 3q4 + 3q2 + 1
)−1
u114 = q
−14(q40 + 3q38 + 6q36 + 10q34 + 13q32 + 20q30 + 22q28 + 29q26 + 29q24 + 35q22 + 32q20 + 35q18 + 29q16 + 29q14 + 22q12 + 20q10 + 13q8 + 10q6 + 6q4 +
3q2 + 1
) (
q12 + 3q10 + 3q8 + 3q6 + 3q4 + 3q2 + 1
)−1
u124 = −q−12
(
q36 + 3q34 + 5q32 + 9q30 + 13q28 + 19q26 + 21q24 + 26q22 + 26q20 + 28q18 + 26q16 + 26q14 + 21q12 + 19q10 + 13q8 + 9q6 + 5q4 + 3q2 + 1
) (
q12 +
3q10 + 3q8 + 3q6 + 3q4 + 3q2 + 1
)−1
u25 = q
16 + 5q14 + 13q12 + 24q10 + 36q8 + 47q6 + 55q4 + 61q2 + 63 + 61q−2 + 55q−4 + 47q−6 + 36q−8 + 24q−10 + 13q−12 + 5q−14 + q−16
11
u35 = q
22 +q20 +q18 +q16−2q14−4q12−8q10−8q8−15q6−12q4−18q2−15−18q−2−12q−4−15q−6−8q−8−8q−10−4q−12−2q−14 +q−16 +q−18 +q−20 +q−22
u45 = 333 + 6q
22 + 18q20 + 67q−16 + 225q−8 + 18q−20 + q24 + 225q8 + 325q−2 + 325q2 + 6q−22 + 102q14 + 140q12 + 38q18 + 182q10 + 67q16 + q−24 + 38q−18 +
102q−14 + 140q−12 + 182q−10 + 265q6 + 265q−6 + 301q4 + 301q−4
u55 = −61 + q28 + 2q26 − 3q20 − 16q−16 − 43q−8 − 3q−20 + 2q−26 + q−28 + 2q24 − 43q8 − 60q−2 − 60q2 − 21q14 − 27q12 − 9q18 − 35q10 − 16q16 + 2q−24 − 9q−18 −
21q−14 − 27q−12 − 35q−10 − 49q6 − 49q−6 − 57q4 − 57q−4
u65 = q
14 + 2q12 + 2q10 + q8 + 3q6 + 2q4 + 4q2 + 3 + 4q−2 + 2q−4 + 3q−6 + q−8 + 2q−10 + 2q−12 + q−14
u75 = 2q
12 + 7q10 + 13q8 + 18q6 + 22q4 + 23q2 + 23 + 23q−2 + 22q−4 + 18q−6 + 13q−8 + 7q−10 + 2q−12
u85 = −q6 − 2q4 + q2 − 2 + q−2 − 2q−4 − q−6
u95 = −(79 + 10q22 + 25q20 + 62q−16 + 87q−8 + 25q−20 + 2q24 + 87q8 + 81q−2 + 81q2 + 10q−22 + 74q14 + 80q12 + 44q18 + 84q10 + 62q16 + 2q−24 + 44q−18 +
74q−14 + 80q−12 + 84q−10 + 87q6 + 87q−6 + 85q4 + 85q−4)
u105 = q
8 + 3q6 + q4 + 2q2 + 2 + 2q−2 + q−4 + 3q−6 + q−8
u115 = −2q4 − 2q2 − 3 − 2q−2 − 2q−4
u26 = q
8 + 2 q4 + q2 + 3 + q−2 + 2 q−4 + q−8
u36 = −q10 − 2 q8 − 2 q6 − 2 q4 − 2 q2 − 1 − 2 q−2 − 2 q−4 − 2 q−6 − 2 q−8 − q−10
u46 = q
16 + q14 + 2 q12 + 2 q10 + 2 q8 + 2 q6 + q4 − q2 − 1 − q−2 + q−4 + 2 q−6 + 2 q−8 + 2 q−10 + 2 q−12 + q−14 + q−16
u56 = −q16 − 3 q14 − 5 q12 − 5 q10 − 5 q8 − 6 q6 − 8 q4 − 10 q2 − 11 − 10 q−2 − 8 q−4 − 6 q−6 − 5 q−8 − 5 q−10 − 5 q−12 − 3 q−14 − q−16
u66 = q
12 + q10 − q6 + 3 q2 + 5 + 3 q−2 − q−6 + q−10 + q−12
u86 = −q8 − q6 − 2 q4 − 3 q2 − 3 − 3 q−2 − 2 q−4 − q−6 − q−8
u96 = q
4 − q2 + 1 − q−2 + q−4
u106 = q
6 − q2 − 1 − q−2 + q−6
u27 = −q22 − 4 q20 − 9 q18 − 16 q16 − 25 q14 − 35 q12 − 47 q10 − 59 q8 − 70 q6 − 79 q4 − 85 q2 − 87 − 85 q−2 − 79 q−4 − 70 q−6 − 59 q−8 − 47 q−10 − 35 q−12 −
25 q−14 − 16 q−16 − 9 q−18 − 4 q−20 − q−22
u47 = −q22 − 3 q20 − 6 q18 − 9 q16 − 11 q14 − 13 q12 − 15 q10 − 17 q8 − 20 q6 − 22 q4 − 24 q2 − 25 − 24 q−2 − 22 q−4 − 20 q−6 − 17 q−8 − 15 q−10 − 13 q−12 −
11 q−14 − 9 q−16 − 6 q−18 − 3 q−20 − q−22
u77 = q
16 + 3 q14 + 5 q12 + 6 q10 + 6 q8 + 6 q6 + 8 q4 + 10 q2 + 11 + 10 q−2 + 8 q−4 + 6 q−6 + 6 q−8 + 6 q−10 + 5 q−12 + 3 q−14 + q−16
u87 = −q14 − q12 − q10 − 2 q6 − 2 q4 − 3 q2 − 2 − 3 q−2 − 2 q−4 − 2 q−6 − q−10 − q−12 − q−14
u97 = q
18 + 4 q16 + 10 q14 + 18 q12 + 25 q10 + 31 q8 + 37 q6 + 44 q4 + 50 q2 + 53 + 50 q−2 + 44 q−4 + 37 q−6 + 31 q−8 + 25 q−10 + 18 q−12 + 10 q−14 + 4 q−16 + q−18
u97 = q
18 + 4 q16 + 10 q14 + 18 q12 + 25 q10 + 31 q8 + 37 q6 + 44 q4 + 50 q2 + 53 + 50 q−2 + 44 q−4 + 37 q−6 + 31 q−8 + 25 q−10 + 18 q−12 + 10 q−14 + 4 q−16 + q−18
u28 = −q10 − 2 q8 − 3 q6 − 3 q4 − 2 q2 − 1 − 2 q−2 − 3 q−4 − 3 q−6 − 2 q−8 − q−10
u38 = q
8 + q2 − 1 + q−2 + q−8
u48 = −q22 − 3 q20 − 7 q18 − 14 q16 − 24 q14 − 36 q12 − 48 q10 − 59 q8 − 70 q6 − 79 q4 − 86 q2 − 89 − 86 q−2 − 79 q−4 − 70 q−6 − 59 q−8 − 48 q−10 − 36 q−12 −
24 q−14 − 14 q−16 − 7 q−18 − 3 q−20 − q−22
u58 = −q6 − q4 − 1 − q−4 − q−6
u68 = q
8 + q6 + 2 q4 + 3 q2 + 3 + 3 q−2 + 2 q−4 + q−6 + q−8
u78 = −q14 − q12 − q10 − 2 q6 − 2 q4 − 3 q2 − 2 − 3 q−2 − 2 q−4 − 2 q−6 − q−10 − q−12 − q−14
u88 = −53− q26 − 4 q22 − 6 q20 − 16 q−16 − 41 q−8 − 6 q−20 − q−26 − 2 q24 − 41 q8 − 52 q−2 − 52 q2 − 4 q−22 − 20 q14 − 26 q12 − 11 q18 − 33 q10 − 16 q16 − 2 q−24 −
11 q−18 − 20 q−14 − 26 q−12 − 33 q−10 − 44 q6 − 44 q−6 − 47 q4 − 47 q−4
u98 = −q14 − q12 − 2 q10 − 2 q6 − 2 q4 − 2 q2 − 2 − 2 q−2 − 2 q−4 − 2 q−6 − 2 q−10 − q−12 − q−14
u108 = −q14 − q12 − 2 q10 − 2 q8 − 3 q6 − 3 q4 − 2 q2 − 3 − 2 q−2 − 3 q−4 − 3 q−6 − 2 q−8 − 2 q−10 − q−12 − q−14
u118 = −q10 − q8 − 2 q6 − 2 q4 − 2 q2 − 3 − 2 q−2 − 2 q−4 − 2 q−6 − q−8 − q−10
u128 = q
14 + 2 q12 + 3 q10 + 4 q8 + 6 q6 + 7 q4 + 7 q2 + 7 + 7 q−2 + 7 q−4 + 6 q−6 + 4 q−8 + 3 q−10 + 2 q−12 + q−14
u29 = 443 + q
28 + 5 q26 + 29 q22 + 51 q20 + 118 q−16 + 325 q−8 + 51 q−20 + 5 q−26 + q−28 + 14 q24 + 325 q8 + 435 q−2 + 435 q2 + 29 q−22 + 164 q14 + 216 q12 +
80 q18 + 271 q10 + 118 q16 + 14 q−24 + 80 q−18 + 164 q−14 + 216 q−12 + 271 q−10 + 373 q6 + 373 q−6 + 411 q4 + 411 q−4
u39 = q
18 + q16 + q14 − q10 − 2 q8 − 2 q6 − 3 q4 − 5 q2 − 5 − 5 q−2 − 3 q−4 − 2 q−6 − 2 q−8 − q−10 + q−14 + q−16 + q−18
u49 = −5 + q28 + 4 q26 + 15 q22 + 19 q20 + 22 q−16 + 12 q−8 + 19 q−20 + 4 q−26 + q−28 + 9 q24 + 12 q8 − 4 q−2 − 4 q2 + 15 q−22 + 21 q14 + 20 q12 + 21 q18 + 17 q10 +
22 q16 + 9 q−24 + 21 q−18 + 21 q−14 + 20 q−12 + 17 q−10 + 7 q6 + 7 q−6 + q4 + q−4
u59 = −q20 − 3 q18 − 5 q16 − 6 q14 − 6 q12 − 6 q10 − 7 q8 − 9 q6 − 9 q4 − 8 q2 − 7− 8 q−2 − 9 q−4 − 9 q−6 − 7 q−8 − 6 q−10 − 6 q−12 − 6 q−14 − 5 q−16 − 3 q−18 − q−20
u79 = q
18 + 4 q16 + 10 q14 + 18 q12 + 25 q10 + 31 q8 + 37 q6 + 44 q4 + 50 q2 + 53 + 50 q−2 + 44 q−4 + 37 q−6 + 31 q−8 + 25 q−10 + 18 q−12 + 10 q−14 + 4 q−16 + q−18
u89 = −q14 − q12 − 2 q10 − 2 q6 − 2 q4 − 2 q2 − 2 − 2 q−2 − 2 q−4 − 2 q−6 − 2 q−10 − q−12 − q−14
u99 = 845 + q
26 + 18 q22 + 47 q20 + 164 q−16 + 577 q−8 + 47 q−20 + q−26 + 5 q24 + 577 q8 + 828 q−2 + 828 q2 + 18 q−22 + 248 q14 + 346 q12 + 96 q18 + 458 q10 +
164 q16 + 5 q−24 + 96 q−18 + 248 q−14 + 346 q−12 + 458 q−10 + 688 q6 + 688 q−6 + 775 q4 + 775 q−4
u109 = −q8 − q6 − 2 q4 − q2 − q−2 − 2 q−4 − q−6 − q−8
u210 = q
16 + 2 q14 + 2 q12 + 4 q10 + 6 q8 + 7 q6 + 7 q4 + 8 q2 + 8 + 8 q−2 + 7 q−4 + 7 q−6 + 6 q−8 + 4 q−10 + 2 q−12 + 2 q−14 + q−16
u310 = −q6 + q2 − 1 + q−2 − q−6
u410 = q
22 +q20−2 q16−5 q14−9 q12−15 q10−22 q8−26 q6−30 q4−32 q2−32−32 q−2−30 q−4−26 q−6−22 q−8−15 q−10−9 q−12−5 q−14−2 q−16 +q−20 +q−22
u510 = q
8 + 2 q6 + q4 + q2 + 1 + q−2 + q−4 + 2 q−6 + q−8
u610 = −q6 + q2 + 1 + q−2 − q−6
u810 = −q14 − q12 − 2 q10 − 2 q8 − 3 q6 − 3 q4 − 2 q2 − 3 − 2 q−2 − 3 q−4 − 3 q−6 − 2 q−8 − 2 q−10 − q−12 − q−14
u910 = −q8 − q6 − 2 q4 − q2 − q−2 − 2 q−4 − q−6 − q−8
u1010 = −q8 − q4 − q2 + 1 − q−2 − q−4 − q−8
u211 = q
12 + q6 + q2 + 1 + q−2 + q−6 + q−12
u411 = −q16 − 2 q14 − 4 q12 − 5 q10 − 6 q8 − 8 q6 − 9 q4 − 10 q2 − 11 − 10 q−2 − 9 q−4 − 8 q−6 − 6 q−8 − 5 q−10 − 4 q−12 − 2 q−14 − q−16
u811 = q
10 + q8 + 2 q6 + 2 q4 + 2 q2 + 3 + 2 q−2 + 2 q−4 + 2 q−6 + q−8 + q−10
u212 = −q16 − q14 − 2 q12 − 3 q10 − 4 q8 − 5 q6 − 5 q4 − 6 q2 − 5 − 6 q−2 − 5 q−4 − 5 q−6 − 4 q−8 − 3 q−10 − 2 q−12 − q−14 − q−16
u412 = q
18 + 2 q16 + 4 q14 + 6 q12 + 9 q10 + 12 q8 + 14 q6 + 16 q4 + 17 q2 + 17 + 17 q−2 + 16 q−4 + 14 q−6 + 12 q−8 + 9 q−10 + 6 q−12 + 4 q−14 + 2 q−16 + q−18
u812 = −q14 − 2 q12 − 3 q10 − 4 q8 − 6 q6 − 7 q4 − 7 q2 − 7 − 7 q−2 − 7 q−4 − 6 q−6 − 4 q−8 − 3 q−10 − 2 q−12 − q−14
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